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We present a parallel study of three variants of the notion of multidimensional 
quadtrees: quadtrees of Catalan's type, increasing quadtrees, and point quadtrees. 
Using the language of the theory of species, we present for these models of 
tree-like structures some combinatorial equations that lead, for example, to several 
explicit, recursive or asymptotic formulas for the probability of having k nodes in a 
fixed hyperoctant, he expected value and the variance of the number of leaves. 
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1. INTRODUCTION 
The study of point quadtrees [5, 12, 16] (a generalisation of binary 
search trees [15]) leads us first naturally to the study of two other simpler 
combinatorily less restrictive models: quadtrees of Catalan's type and 
increasing quadtrees. In order to make comparisons and to simplify the 
reading of this paper, we will use the same letters to designate correspond- 
ing species within our three models. 
The first model, called Catalan type quadtrees, is the species T charac- 
terized by the following combinatorial equations 
T = 1 + A ,  A = XR(A) ,  (1.1) 
where the "enriching" species R is given by R = (1 + X)  2ct. It is thus 
essentially an instance of Labelle's R-enriched rooted trees [10]. 
The second model is the L-species T characterized by the combinatorial 
equations 
T = 1 + A ,  A'  = R(A) ,  (1.2) 
where the enriching species is again given by R = (1 + X)  2d. In this case, 
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the considered rooted trees are "increasing" (i.e., the underlying set is 
already equipped with a total ordering and the vertices are going increas- 
ingly from the root to the leaves). We have thus essentially rooted 
increasing trees in the sense of Leroux and Viennot [13] (see also [1]). 
We present, for these two variants, several combinatorial equations that 
automatically give (using generating functions) explicit or asymptotic for- 
mulas for the probability of having k nodes in a fixed hyperoctant and also 
the expected value and the variance of the number of leaves. 
The third variant of the notion of point quadtree involves d-tuples of 
permutations byconsidering the product species 
T=L  ×L  ×. . .×L  (dfactors), (1.3) 
where L is the species of linear orders. The concepts of leaf, node with k 
children, and weight of a fixed subtree are coded in a different way from 
the first two models and give other probabilities, expected values and 
variances. For example, we give several expressions (explicit and recursive) 
for %,k, the probability that a given subtree of a d-dimensional quadtree 
of n nodes has k nodes. Among other things we show that 
- n - 1 - k ( 1 )  i 
%,k = k i=o i (k + i + 1) d 
(1.4) 
and that these probabilities are related to harmonic numbers 
1 
= E (1.5) 
i=1  
We also give explicit and asymptotic formulas for the expected value of the 
number of nodes with k children in the bidimensional case, 0 _< k < 4. 
Table 1 gives examples of point quadtrees with six points for our three 
models in one and two dimensions and also combinatorial equations 
associated to each of them in dimension d. We give for each dimension 
and each model the number of such quadtrees with six points. The number 
in parentheses in the case of point quadtrees corresponds to the number 
of permutations in the case of one dimension, and to the number of 
ordered pairs of permutations in the case of two dimensions that generate 
the quadtree given as an example. We also let 6 = 2 a. This convention will 
be used throughout this paper. 
d=l  
d=2 
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TABLE 1 
Catalan Increasing Point 
132 
",, 
~ -. 7084 
T = I+A 
A = XR(A) 
R = (1 +X) ~ 
T = I+XT r~ 
1 
4~67 = 720 3 2 
4 ", 
6 
1 
5~[[ [ . . .  58240 
3 4 6 
T = I+A 
a '= R(A) 
R = (1+ X) 5 
T ,= T ~" 
~ , ,6 !  = 
(lo) 
720 
~ ,, 6[ 2 = 
A>.,18400 
(4) 
T=LxLx  . . . xL  
(d factors) 
2. QUADTREES OF CATALAN'S TYPE 
These quadtrees are counted by the exponential generating function 
X n 
T(x)  = 1 + A(x )  where A(x)  = ~ a n n--~. = xR(A(x) ) .  (2.1) 
n>_l 
Using Lagrange 's  inversion formula, with the enrichment R = (1 + X)  ~, 
8 = 2 ~, one obtains the following expression for the number of such 
quadtrees (unlabelled) on n nodes: 
an 1 (6n) n>0.  (2.2) 
n! (6 -  1 )n+ 1 n ' 
In order to compute the quantities that we are interested in, namely the 
probability %,~ that the first subquadtree has k of the n points, the 
expected value, and the variance of the number of leaves, we introduce 
the following new species: 
B = A'b = the species of nonempty quadtrees of Catalan's type with 
one pointed leaf, 
C = A* 'b = the species of nonempty quadtrees of Catalan's type 
with two pointed leaves (the two leaves are ordered and may be equal), 
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T k = the species of quadtrees of Catalan's type on k points, (k > 0), 
T(~) = the species of quadtrees of Catalan's type with k points in the 
first subquadtree (k > 0). 
The following relations are easily deduced: 
T(o ) = 1 + XTo T'~-I -- 1 + A(o ) and 
A(o ) = X( I  + A)  ~-1, 
A(k ) = XAk(1 +A)  ~-l, 
T(k ) = XTk T~-I =A(k ) for k > 0, 
T 0= landA o=0,  
T k = Ak for k > 0. 
Let us make the convention of writing the generating series of the species 
B and C in the form 
a ~. a~.*, 
n n n n B(x)  = E -~.x  and C(x)  = Y'~ --~. x . 
n>_O " n>_O " 
THEOREM 1. For any given enriching species R = R( X), the three species 
A = A(X) ,  B = A~'(X) ,  and C = A ~' ~'(X) are characterized by the com- 
binatorial equations 
A = XR(A) ,  (2.3) 
roX 
B = roX + XR ' (A)B  + 1 - XR ' (A) '  (2.4) 
XR"( A) 
C = B + B 2, (2.5) 
1 -XR ' (A)  
where r o denotes the number of R-structures on the empty set. 
Proof. It suffices to apply the usual techniques of the theory of species 
[101. II 
Using generating series, we write, for k > O, 
T(o)(X ) = 1 +A(o)(X ) = 1 + E an'°x" 
n>_l n !  
and 
A(o)(X ) = x(1 + A(x) )  ~-1 
T(~)(x) = A(k)(x ) = Y'~ ~x" ,  
n>_ l  
and A(k)(X ) = xakxk(1  + A(x) )  ~-1 
k[ 
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In order to compute (1 +A(x) )  ~-1, we make use of the so-called 
compound version [10] of Lagrange's inversion: The equation A(x)= 
xR(A(x))  implies that 
dn-1 n) Yn 
F' t ) (R ( t ) )  -7 '  F (A(x ) )  =F(0)+ ~ dt,~_ 1 ( n 
n_>l t=0 " 
with R(x)  = (1 + x) a and F(x)  = (1 + x) a- 1. We find 
1 i fn  =k=O,  
an, Jn !  (2.6) 
%,~ = an~n! if n > k >_ O, 
ae_  1 
k[ 6 -  1)k + 1 i fk  > 0, 
an,k 
n! 
(6 - 1)(n6 - 2) (n-2) 
_ - -  ( -77 -  
a~ (6 - 1) ( (n  - k)6 - 2) ("-~-2) 
i f k  = O, 
i f k>O,  
(2.7) 
where x (m = x(x - 1)(x - 2) . . .  (x - n + 1) denotes the nth falling fac- 
torial power of x. Applying Theorem 1 and Labelle's methods [10], one 
obtains the mathematical expectation of the number of leaves in the form 
a~/n!  %_l(n - 1) 
en, a = an~n! ron , (2.8) rn_l(n) 
where 
X n 
(R (x ) )  ~ = ~ rn(h ) -  R (x )  = ( l+x)  a, rn(h ) = (AS) (n). 
n>_O rt! ' 
After computations, we obtain the explicit formula 
(1 
Since the variance of a random variable is given in function of the first two 
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factorial moments /~(~) and ~2, (2) by the formula 
0.2 = ]j(2) ..~ 1..~(1) __ (j.~(1)) 2, 
we obtain the variance of the number of leaves as follows: We first 
compute 
a~ ~'/n!- a~/n! r._a(n - 2) 
tz(2!a = a , /n [  = rgn(n  - 1) rn_ l (n  ) 
- -n (n -1 )  1 -  ... 1 n6-n+2 
and the variance that we are looking for can be written as 
0-~a=n(n  - 1) (1 -  n~) , - . (1  
+n( l _  n_~)( 1 6 
-n2(1 -  n-~)2(1 
mS-n+2 
n6  -1  , . .  1 nS  - n + 2 
.. 1 (2.9) 
n~ - 1 n6  - n + 2 
Using Stirling's formula and the Euler-Maclaurin summation formula 
[8] we deduce the asymptotic results 
n! 27r(a - 1) 3 (3 - - i )  S-1 /,/-3/2 
[ a /26- -  1 / ] (1 - -  1)an n --* m. 
(2.10) 
(2.11) 
3. INCREASING QUADTREES 
Increasing quadtrees can be viewed as quadtrees of Catalan's type 
where the n nodes are numbered from 1 to n in such a way that the labels 
encountered from the root to a leaf constitute an increasing sequence for 
each leaf. These quadtrees are counted in the following way: We write first 
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T(x)  = 1 + A(x )  where 
X n 
A(x)  = ~ a,,n[ 
n>_l 
satisfies A' (x )  = n(A(x ) )  = (1 + A(x) )  ~. 
Then, solving this differential equation, we find 
T(x)  = (1 - (8 - 1)x)  i / (~-1) (3.1) 
hence 
a n = 6(26 - 1)(36 - 2 ) . . .  ( (n  - 1)8 - (n - 2)) .  (3.2) 
Using auxiliary L-species analogous to those introduced for quadtrees 
of Catalan's type, one verifies that 
fo X 6 T~o ~ = 1 + To T -1 dX,  T(~,~ = foXTkT ~- l dX,  fo rk  > 0. 
After computations, we obtain 
%,k 
1 n=k=0,  
= (6  - 1)  " -k -1  1 1 
k!n (1 + k(~ - 1)) ""  (1 + (n - 1)(6 - 1)) n > k >_ O. 
(3.3) 
THEOREM 2. For any giuen enriching species R = R(X) ,  the three L- 
species A = A(X) ,  B = A ~(X) ,  and C = A ~' * (X)  are characterised by the 
combinatorial equations 
A' = n(A) ,  
A" 
B' = r o + R ' (A)B  = ro--~B ,
C' = r o + R"( A )B  2 + R'(  A )C  = r o + 
A'A" '  - .4 "2 A" 
B z + - -C ,  
A,3 A'  
(3.4) 
(3.5) 
(3.6) 
where r o denotes the number o f  R-structures on the empty set. 
Proof  Just apply the usual techniques of the theory of L-species [13]. 
! 
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Using Maple in order to solve the differential equations of Theorem 2, 
we find the series 
n n 
B(x) = E 7x  
n>_ l  " 
1 
26-  11.Ltl _ (8 - 1 )x )  "
- (1  - (6 - 1)x)) ,  
a~*  - (8  - 1) 
X n = 
C(x)  = ~ n! (36-  1 ) (26-  1) 
n~l  
Z -~/(6-1) - - Z  
26- 1 
_}_ Z ( - 26 + 1)/(6 - 1) 
(23 - 1)  2 
6(8 - 1) 2(6 - 1) 
Z(26-1)/(6-1) + 
(36 - 1 ) (26  - 1) 2 (26  - 1) ~'  
where Z = 1 - (6 - 1)x. We .obtain, after some computations, the follow- 
ing expected values and variances: 
a~ {1 n=l ,  
= - -  = (8 - 1)n + 1 (3.7) 
8n'd an 26 -- 1 n > 1, 
• . (;). 0:2 __an _ an 
n,d  ~ an (o [ 
= 6(8 - 1) 
(3a --i)~6-- 1) 2 (8- l)n 
n-3 i (6 -  1) - 1 1 
+ 1 + i=11-I i(a -- 1)+(2-6-  1) 
n<2,  
n>2.  
(3.8) 
Once again, using the Euler-Maclaurin summation formula [8] and the 
classical method of dominant singularities, we deduce the asymptotic 
results (with the aid of MAPLE [3]) 
n n+(3-~)/(2(6-1)) (3.9) 
a. ~ v(1/Ta- 1)) 
- 1 a(a - 1) 2 
s"'a 28 - 1 n' 0:2 ~ 1) 2n' - -  . ,d  (36 -- 1 ) (26  -- n --+ ~. (3 .10)  
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4. POINT QUADTREES 
The combinatorial equations (1.1) and (1.2), by means of which one can 
compute recursively the restrictions T. (to cardinalities n = 0, 1, 2 . . . .  ) for 
the first two models, correspond, in the case of two dimensions, to 
Tn+ 1 = X E TnlTn2Tn3Tn 4, Tn+l = f E 
n I q- n2 +rt3  q-n4 ~n n I +n2q-n3+n4=n 
~rn f ,, f ,J,~ ~ ,iX. 
(4.1) 
The first of these two equations is equivalent o a functional equation 
while the second is equivalent to a differential equation. By contrast, the 
third model being defined by 
T=L ×L  x . . .  ×L  = To+ T 1 + T2+ . . . .  (4.2) 
one rather has the more complicated recursive scheme 
n 1 +nz+n3+n~=n- -  1 I l l  113 112 
x T~Tn2T,3T,4 dX,  (4.3) 
n4 
which can be proven by similar arguments as those given in Laforest [12]. 
It can be shown, using Theorems 1 and 2, that this scheme corresponds 
neither to a functional equation or to a differential equation. Its general- 
ized form in d dimensions is given by 
THEOREM 3. The L-species T = L × L × . . .  x L (d factors) satisfies 
the recursive scheme: T o = 1 and, for  n > O, 
= f E H ixT(v) ]--I T.~ dX, (e: [d] --* 2) (4.4) 
a=0,1 e ~G =n-  11_<i_<~ 
8 
where 
and K7 = ~ G, u'2[d]--* N. (4.5) 
Proof  In the case where d = 2, expression (4.4) is a rewriting of (4.3) 
where we just replaced nl, n2, n3, n 4 by v00, v0~, Vl0, ~'11, respectively. The 
four values of/zoo,),/x](v),/x°(u),/xl(u) correspond to the four binomial 
10 LABELLE  AND LAFOREST 
coefficients appearing in (4.3). The general case (in dimension d) follows 
from a similar analysis based on the fact that the root of the quadtree 
divides the space in 2 d hyperoctants and that the n - 1 remaining points 
have to be placed following a distribution v: 2 [dl -+ %] satisfying the 
constraint EG = n - 1 [16]. | 
THEOREM 4. In d dimensions, the probabilities ~r,,k, a that a random 
quadtree of n points has exactly k nodes in a fixed hyperoctant are given by 
the following explicit and recursive formulas, for 0 < k < n, d > O, 
where 
7rn,k, 0 = ~c -1, (where 6j is Kronecker's delta), (4.6) 
77"n,k,d+l = E 7rn ' i - l ' d  
k<i<_n i ' (4.7) 
1 1 
=--  ~ ili2 .. id ' (4 .8 )  T l 'n 'k 'd+l  n k<i l< i2< - ' ' "  <id< n . 
1 1 
"Wn,k, d = [ zd -1 ]  - d > 0, (4.9) 
n i=k+l  1 - - z / i '  
1 A~I, '/2 . ~/d lZik,e • • Ak,a 
= -- Y'~ (4.10) 
"Irn'k'd+a n n l+2n2 + . . .  +dnd=d ln~nl!2n2n2!.., dndnd ! ' 
1 1 1 
Ai j = H(n - HiO) = ~= + + .. + - -  
' n '  (n  - 1) j " ( i  + 1) j '  
(n- 1)£a fol(u~...ud)k(l_u~...ua)~ 'Wn' k' d "~- k " ' "  
Trn,k,d ~ (n  
Tl'n,k,d = ( n 
'TTn n - l ,d  n d 
(n -- 1)7"rn_l,k_l, d 
'Wn k - l ,d  n - -  k 
-- 1) l t /~  1 -k ( - - In t )  a-1 
k f0 (1 - t ) " -  (d  - 1)! dt, 
-1 )  n - l -k  ( 1 -k )  ( -1 )  i 
k , i=o ,  i (k  + i + 1) d '  
-- k.ri 'n,k, d 
(4.11) 
-1-k du l . . .dUd,  
d > O, (4.12) 
d > O, (4.13) 
(4.14) 
for k = n - 1 . . . . .  1. 
(4.15) 
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Proof. Formulas (4.6) and (4.7) are proven in Laforest [12]. Formula 
(4.8) follows from (4.7) by iteration. Expression (4.9) is obtained by 
developing the product and by comparing with (4.8). Formula (4.10) 
follows from the product (4.9) by remarking that each factor can be 
written as (1 -  z / i )  -1= exp(z/i = 2(z / i )2+ 1(z / i )3+ ...). Formulas 
(4.12)-(4.14) are proven in [12] by using probabilistic and analytical 
methods. The recursive scheme (4.15) follows from (4.13) by manipulating 
(~ - 1) in an integral the exponents appearing in the expression of %,k,d/ k 
form. | 
It is interesting to note that (4.14) can be rewritten as 
1 (n 1)n-1, ( ) %,k,a n!d k ~ ( -1 ) i  n -  1 -k  n!a = - -  . (4.16) 
i=0 t (k + i + 1) d 
and that this last formula can also be established by the combinatorial 
inclusion-exclusion principle in the following way: Consider a list of d 
random permutations of the integers 1, 2 , . . . ,  n (i.e., a random T-structure 
on the ordered set {1 < 2 < .. .  < n}). We have to compute the probabil- 
ity that exactly k integers are simultaneously to the left of the "root" 
are n - i ways to choose these k represented bythe" l s "o fF ig .  1. There (k )  . 
integers among the numbers 2, 3 . . . . .  n. There are n!a/(k + i + 1) d possi- 
ble d-tuples of permutations such that k + i fixed elements are to the left 
of the " ls"  (and possibly others). The alternating sum in (4.16) represents 
(by the inclusion-exclusion principle) the number of ways that these k 
elements can be 2 ,3 , . . .  k + 1. 
The recursive scheme (4.15) is particularly efficient for constructing 
tables of %, k,d for a fixed dimension d. We will compute the expected 
value en, k, d of the number of nodes with k children in a random quadtree 
of n points in d dimensions using these probabilities. 
Iiiiiii!iiiii!!i~iii~iiiiiiiiiiiiii~iiii!~ii~!iii~i~iiiiii~iiii~!i~i!i!i~iii~iiiiiiiiiiii!iiiiiii~iiUi~iiiiiii!i!~ii~i~iii~i!ii~!iiii~iiisi~ 1[ 
'FIGURE 1 
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To simplify the presentation, let us introduce some notation: For any 
function of 6 (= 2 a) variables f(Zoo..o , Zoo...1,..., z11...1) and for any 
subset T of the set of indices {00...  0, 00. . .  1 . . . .  , ele 2 . . .  ed, . . .  , 11. . .  1}, 
write 
f [T ]  = f(XT(OO...O),xT(O0... 1) , . . . ,XT( l l . . .  1)), 
where XT denotes the characteristic function of the set T. For a variable t, 
we will write t (°) = t and t (1) = 1 - t. 
THEOREM 5. 
recursive scheme 
where 
Pn,i,d 
where 
For fixed k and d, the expected values en, k, d satisfy the 
n-1  
en,k,d = Pn, k,d + 2d E 7rn,i, dei, k,d, (4.17) 
i=0  
= probability that the root of a random quadtree 
of n nodes has i children (0 < i < 2 d = 6) 
k 4.k_u[~ _ 1~) T~I - = E ( -1 )  [k u f [ r ]  
v=o I -v  
(4.18) 
f (Zo0 . . .O , ' - - ,  Z l l . . .1 )  
=£1. . .£1  t~>...t~d~e~Z~ dt l . . .d t  d. (4.19) 
*u -o e : [  2 
Proof. Formula (4.17) is well known [7, 9, 12]. One just has to distin- 
guish the case where the root has k children and to use the fact that the 
2 e subtrees of the root are independent and of the same nature. The 
recursive scheme follows immediately using probabilities %,i, a- The co- 
efficient of mo0..~ m0o..~ zm~,~2...~d in f is equal to the probability Z00. . .0Z00. . .1  . . .  e le2. . .ed . . .  
that there are  me~e2 . . . .  a points in the hyperoctant indexed by e le2 . . ,  e a 
for each e: [d] ~ 2. The probability that we are looking for is thus equal 
to the sum of the coefficients of the monomials in f within which exactly k 
variables, among the z~1~2 .... ~, appear. The final formula follows from the 
inclusion-exclusion principle. | 
Formula (4,17) is expressed in the language of (ordinary) generating 
series as follows [7]: For fixed k and d, consider the series 
e(z) = E e,,k,dZ", p(z)  = E P,,k,d z"" (4.20) 
n>O n>_O 
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Then (4.17) is equivalent to the integral equation 
e(z )  =p(z)  + 2d jd - l le (z ) ,  
where 
iJ "' S? I f ( z )  = ( t )  1 ~ t '  J f ( z )  = ( t )  
(4.21) 
dt 
(4.22) 
t(1 - t )  
This integral equation can be translated into the non-homogeneous linear 
differential equation of order d 
{((1 - z )D) (z (1  - z)D)  d-1 - 2d}w(z) 
=2ap(z ) ,  w(z)  =e(z )  -p (z ) ,  (4.23) 
where D = d/dz .  
COROLLARY 1. In dimension d = 2, one has the explicit and asymptotic 
formulas,  for  Pn, ~, 2, 0 < k < 4, 
Forn  >>_ 1, P,,o,2 = 6~, (Kronecker ' sde l ta ) ,  (4.24) 
4 
fo rn  >_ 2, Pn,l,2 n 2 , (4.25) 
4 12 2 ,,-1 1 4 8 
fo rn  >__ 3, P~,2,2 n n 2 + -- E 2 i (n  _ i) n n2 , (4.26) 
n i=o  
4 8 12 4 n-1  1 
fo rn  > 4, P. ,3, ;  = n--H" + n 2 E 2 i (n  i) n n i=0 
4 8 4 
~ --H,, - -- + - -  (4.27) 
n n n 2~ 
4 4 4 2 ~-1 1 
fo rn  >_ 5, Pn,4,2 = 1 -- --14, + n 2 + ~-~ 2 i (n  -- i) 
n n n i=O 
4 4 
~ 1 - --/4, + --, (4.28) 
n n 
where 
1 1 
11, = 1 + - + . . .  + - denotes the nth harmonic number .  
2 n 
Proof. One just has to evaluate the integrals of Theorem 5 using the 
fact that 
n-1 1 1~1/ (  )2  
n -1  ~- -  i fn - -*~.  | 
Y'~ 2 i (n  - i) n i=0 i n i=0  
582a/69/1-2 
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COROLLARY 2. In dimension d = 2, one has the following recurrence, 
for the G,k,2, 0 <<_ k < 4, n >_ 2: 
4 ( 3 5 )  
en, k,2 = Pn,k,2 + -~Pn- l , k ,2  + 2 - --n + -~ (en-l"k'2 -- Pn - l , k ,2 )  
- 1 n- + ~-2 (G-2 ,~,2 - -P~-2 ,k ,2 )  
(4.29) 
In particular, the expected number of leaves en, o, 2 and nodes with one child 
G, 1, 2 are given by the exact and asymptotic formulas 
4 
e,,,0,2 = 8(3n + I )H  (2) - 39n + 11 - -- 
n 
~ (4"rr 2 -39)  n+ - ~n 3 + . . . .  (4.30) 
e,,,1,2 = 8(3n + 1) ~ ~-  - - -H~ (2) 
i=1  
4 16 4 
+228n+24H n-56- -Hn+-  + n2 
n n 
~ 12(2~'(3) - 13~'(2) + 19) n + - 3n---y +. . .  (4.31) 
where ~(s) = F,~=jl /k" denotes the Riemann zeta function. 
Proof. For recurrence (4.29), it suffices to identify the coefficients in 
the two sides of the differential equation (4.23) with d = 2. Formulas 
(4.30) and (4.31) derive naturally from the general theory of finite differ- 
ences of l inear equations of order 2 [17] and Eu ler -Mac laur in  summation 
formula [8]. | 
It is noted that we obtained in Laforest [12] and Labelle and Laforest 
[11] a less explicit form of the multiplicative constant of n in the asymp- 
totic formula (4.31), namely 
12(2a I + 19 - 2 ( (3 )  - 13((2) )  where a 1 = ~ Hi/i 2. (4.32) 
i=1 
Flajolet communicated to us [2, 6, 14] that the constant o~ 1 is in fact equal 
to 2g'(3) (an identity due to Euler). This explains the two different writings 
for the same asymptotic result. 
MULTIDIMENSIONAL QUADTREES 15 
Corollary 2 can be generalized as follows: 
COROLLARY 3. Let P be a property applicable to the nodes of a random 
point quadtree. Suppose that the probability p~ that an arbitrary node has 
property P depends only on the cardinality u of the subtree determined by the 
node, and that p~ --+ 0 as u --+ oo. In dimension d = 2, the mathematical 
expectation e~ = en(P) of the number of nodes of a random point quadtree 
of n points having property P is given by: 
n~l(3v + 1 u(3v+ 1)//(2) - 9~') 
12[n+ 1 ,  ,,=o 4 2 -4- p" 
en=Pn q- t J ( 1 2Hn(2) 9 ) n-1 
- ~nn - 4(3n + 1) ~ u(3u+ 1)p,, 
u=l  
(4.33) 
One has also the asymptotic formula 
where 
00 
Y(P)  = 2 (3 - 18u + u(3u + 1)(~ -2 - 6H~(2)))p~. (4.35) 
u=0 
Proof. For (4.33), it suffices to adapt recurrences (4117) and (4.29) to 
the present context and to use, once again, computations based on the 
theory of finite differences. Formula (4.34) and expression (4.35) for the 
constant y(P)  are obtained by (4.33), remarking that 
4n 2 4(3n + 1) = -~- + ~-7 (4.36) 
n- I  and that E~2~,(3u + 1)p~ _< E~=0u(3v + 1) --- O(n3). | 
In d = 3 dimensions, the recursive scheme for the en, ~, d takes the more 
complex form (667)  
en,k,3 =Pn,k,3 Jr- -~Pn-l ,k,3 + 3 - --n + -£7 + -£g (e~_ 
( 4 5 2 )  
- 31 --n + ~ ~ (en-2, k,3 Pn-2, k,3) 
(61 6 t 
+ 1- - -n  + n 2 n 3 (e , -3 ,<3-P~-3 ,<3) .  (4.37) 
1,~,3 = Pn-l,~,3) 
16 LABELLE  AND LAFOREST 
The asymptotic behaviour of en, k,3, is 7k,3 " n as  n ~ Qo. In the general 
d-dimensional case, the asymptotic behaviour of en, k, d is of the form 
"~k,d "H as n ~ ~ (4.38) 
for some constants Yk, d whose exact arithmetical nature is not yet known. 
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